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Introduction 
The quantum annealing is an optimization algorithm based on the adiabatic time 
evolution of the transverse-field Ising model, in which the Hamiltonian varies slowly 
from an initial Hamiltonian whose ground state is easily prepared, to a final 
Hamiltonian whose ground state encodes the solution to the combinational 
optimization problem. This algorithm was originally proposed by assuming an isolated 
quantum system, but the real quantum system is inevitably open to its environment. 
This is of course true for the actual QA processors developed by D-Wave Systems, in 
which superconducting flux qubits are used as physical spins. The flux qubits are 
coupled with their environment through fluctuations in the flux potential energy. It is 
important to understand the dynamics of the open quantum systems to clarify the 
performance of the QA processors.  
The purpose of this thesis is the following: (i) We present a novel numerical method 
based on the exact path-integral representation for the reduced density matrix and 
tensor network techniques to study the QA in the transverse-field Ising model coupled 
to bosons which represents flux potential fluctuations. (ii) Using this method, we 
clarify the quasi-static dynamics in the QA at finite bath temperature, and (iii) we 
demonstrate how the exponent of the Kibble-Zurek scaling is modified from that of the 
closed system in the QA at zero temperature. 
Method 
Most of the previous studies on the QA in the open system have used the quantum 
Markovian master equation technique based on the Born-Markov approximation. This 
approximation is valid only in a weak coupling regime, and the quantum master 
equation is hard to solve for a many-body system due to the exponential growth of the 
dimension of the Hilbert space. To overcome these problems in the master equation 
method, we have developed novel numerical method, in which we use the rigorous 
path-integral representation for the reduced density matrix to avoid the Born-Markov 
approximation, and use matrix product state (MPS) techniques to deal with large 
one-dimensional systems. The MPS is a compressed representation for a many-leg 
tensor in which the tensor is expressed as a product of matrices, and the fidelity to the 
original tensor is controlled by the dimension of these matrices, so-called 
bond-dimension. This method enables us to simulate not only the large finite systems 
but also infinite size system for the wide range system-bath coupling strength. The 
formulation of our method is divided into three processes as follows: 
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1. We represent the reduced density matrix as a discrete time path-integral with 
respect to the spin variables in which long-range interactions in the time direction are 
introduced as a result of performing the bosonic path-integral.  
2. We then represent a part of the integrand which includes the long-range interaction 
as an MPS. Using the MPS form, path-integral representation for the reduced density 
matrix is rewritten as a tensor network representation where the component tensors 
have only short range connections. 
3. The obtained tensor network is efficiently contracted by the time-evolving block 
decimation (TEBD) algorithm, and the reduced density matrix is obtained in the MPS 
form. We can simulate infinite systems by using the infinite-TEBD algorithm.  
Each of the approximation used in our method is controlled by the corresponding 
parameter, which enables us to improve the accuracy of the calculation systematically. 
Results 
Using our numerical method, we study on the infinite uniform one-dimensional system, 
assuming the Ohmic spectral density of the environment. 
(1) Quasi-static dynamics in quantum annealing at finite temperature  
The quasi-static time evolution and its breakdown in a late time of the annealing due 
to the vanishing transverse-field are confirmed. In this dynamics, the excess energy at 
the end of the annealing follows a universal power-law scaling as a function of total 
annealing time, whose scaling exponent depends only on the annealing schedule. The 
excess energy takes the local minimum as a function of the system-bath coupling 
strength. This non-monotonic behavior is explained by the competition between the 
increase of the relaxation rate and the suppression of the effective transverse-filed with 
the increase in the system-bath coupling strength. 
(2) Kibble-Zurek scaling in open quantum system 
The KZ scaling exponent is modified from that of the closed system, and it depends on 
the system-bath coupling strength. This result indicates that the KZ scaling exponent 
becomes non-universal in the experiment of the QA processor.  
Summary 
In this thesis, we developed new numerical method for the one-dimensional 
many-body open quantum systems. Using the method, we analyzed the dynamics of the 
quantum annealing, and showed that the behavior of the excess energy provides rich 
information on the thermal effect and the noise strength in the QA processor.  We 
hope that our new numerical method is useful for other problems of the many-body 
open quantum systems. 
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論文審査の結果の要旨 
 
 
 多数の古典的な状態を重ね合わせることで表現される量子状態を制御することは、量子力学に
従い相互作用し合いながら運動する多電子系のダイナミクスを理解し、新しい物性や機能を創造
する上で重要な意義を持つ。このような量子多体系を利用した新たな機能創生の試みが量子計算
機の開発であり、その応用によって従来の計算機では難しかった問題を解決することが期待され
ている。一方で、開発された量子計算機が量子効果を反映して正しく動作しているか確認するた
めには、そこで実現する量子多体状態をあらかじめ理論的に求めておかなければならない。しか
しながら、環境からのノイズの影響を受ける実際の量子計算機で実現する量子多体状態を求める
ためには開放量子多体系のダイナミクスの問題を解く必要があり、これまで正確に求めることは
困難であった。  
本論文の著者は、環境ノイズと結合する一次元量子多体系の緩和のダイナミクスを数値的に解
析する計算法を開発し、任意の精度で正しい解を得る計算に初めて成功した。一般に環境と結合
する量子系の時間発展を経路積分を用いて表現すると、長時間の有効相互作用が現れ、その正確
な取り扱いは極めて難しくなる。著者は、密度行列を行列積型に表現するアイディアを採用して
この困難な計算を実行し、その信頼性を明らかにした。著者は、さらにこの計算法を無限系に拡
張することで、量子アニーリングと呼ばれる時間発展の過程で生じる量子スピン系の凍結の問題
を検証し、環境との結合が凍結点に及ぼす影響、及び、低温の極限で生じる量子相転移に与える
影響を明らかにした。  
これらの研究成果は開放量子系の分野に新しい展開をもたらすものであり、著者が自立して研
究活動を行うに必要な高度の研究能力と学識を有することを示している。したがって、押山広樹
氏提出の博士論文は，博士（理学）の学位論文として合格と認める。  
 
